On the effect of the drive on self-organized criticality by Winkler, Marco et al.
On the effect of the drive on self-organized criticality
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The well known Sandpile model of self-organized criticality generates avalanches of all length and
time scales, without tuning any parameters. In the original models the external drive is randomly
selected. Here, we investigate a drive which depends on the present state of the system, namely the
effect of favoring sites with a certain height in the deposition process. If sites with height three are
favored, the system stays in a critical state. Our numerical results indicate the same universality
class as the original model with random deposition, although the stationary state is approached
very differently. In contrast, when favoring sites with height two, only avalanches which cover the
entire system occur. Furthermore, we investigate the distributions of sites with a certain height, as
well as the transient processes of the different variants of the external drive.
PACS numbers: 05.65.+b, 45.70.Ht, 64.60.Cc
I. INTRODUCTION
Systems far from equilibrium can reach a state where
avalanche-like events occur on a broad distribution of
length and time scales. Some systems even seem to be
scale free: The distribution of events follows a power law
over several orders of magnitude. Examples are found in
the context of earthquakes, sandpiles, neural networks,
synchronization processes, evolution, superconductors,
magnets, turbulence, ecology, financial markets, data
networks and more [1–4]. In thermal equilibrium, scale-
free correlations exist for continuous phase transitions at
a critical point (temperature, pressure, etc.). Therefore,
scale-free phenomena far from equilibrium are called crit-
ical. In case the critical behavior is generated from the
dynamics of interacting units, this phenomenon is coined
self-organized criticality (SOC).
In 1987, Bak, Tang, andWiesenfeld (BTW) introduced
a simple model which shows SOC [5]. Since then, in
about 5000 publications, this model, its variants, and
possible applications have been investigated in great de-
tail [6–11]. The model consists of discrete or continuous
variables on a lattice and contains three essential mecha-
nisms: a drive, a sequence of topplings and a separation
of time scales. The drive increases one of the local vari-
ables. If this variable exceeds a threshold value, it is
distributed among its neighbors. As a consequence, the
neighbors may also be shifted above threshold and con-
tinue to distribute, hence generating an avalanche. Only
after the avalanche has stopped, a new drive is activated.
Numerous variants of the BTW model have been in-
troduced and investigated. In particular, several mecha-
nisms of topplings – deterministic, stochastic, conserva-
tive or dissipative [12, 13] – have been studied, and the
corresponding cooperative behavior has been calculated,
mainly numerically [14]. However, although there exist
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models that are inherently defined by a state-dependent
drive [15, 16], to our knowledge, the explicit effect of dif-
ferent driving mechanisms has not been investigated so
far. Usually, a site is selected randomly and its local
variable is increased by one.
In this paper we study the effect of a state-dependent
drive. A site is still chosen randomly, but now the local
variable is increased only if it has some specific value.
The drive selects specific values of height, energy, charge
or slope, depending on possible applications in mind.
Only if variables with this value do not exist, other sites
are driven randomly. We investigate, whether SOC is de-
stroyed by this mechanism, or to what extend the critical
properties are modified.
The remainder of this article is organized as follows. In
section II we will recapitulate the definition of the regular
Sandpile model and introduce our modified versions of it.
In section III we will present avalanche-size distributions
of the models and take a detailed look at the models’ time
evolutions both in the steady state and in the transient
phase.
II. MODEL
A. Sandpile model
We consider the model of Dhar which has the structure
of an Abelian group [17]. Let us briefly review its defi-
nition. The model is defined on a finite two-dimensional
square lattice, where each site has a value representing
the height of the pile. We denote the height of each site
at position x and y with h(x, y). In the original model
the initial configuration is an empty field, where for every
x and y: h(x, y) = 0. The process evolves by random-
sequential updates putting grains on the field according
to the following rule:
h(x, y)→ h(x, y) + 1 (1)
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2As soon as one site grows taller than three it gets unstable
and topples, i.e. four of its grains are distributed equally
among its four neighbors:
h(x, y)→ h(x, y)− 4
h(x± 1, y)→ h(x± 1, y) + 1
h(x, y ± 1)→ h(x, y ± 1) + 1
(2)
The boundary conditions are chosen in such a way, that
all grains that topple out of the system are dissipated.
This mechanism can create avalanches on all scales that
can reach over the full grid.
It can be shown, that the final configuration is inde-
pendent on the order of the sites that are toppled. For
this reason the model is often called Abelian Sandpile
model [17].
In the literature, different methods of measuring the
size of the avalanches exist. The two most widely used
are:
number of topplings: Here, the number of topplings
that occur in one avalanche are counted.
number of involved sites: Here, the number of in-
volved sites are counted. In difference to the first
method each site can only be counted once, even if
it topples twice or more.
In this paper, we focus on the second method of counting
the involved sites.
Without any tuning of parameters this model is at-
tracted to its critical state where various quantities q of
the system are power-law distributed:
P (q) ' q−α (3)
Here, P (q) is the probability density function of q and α
is the critical exponent, that can be used to classify the
universality class. It was shown that the critical exponent
for the distribution of the avalanche sizes is close to one,
α ' 1. For a summary of numerical results see e.g. [9,
Table 4.1]. It is also well known, that the average height,
〈h〉, of the critical system fluctuates around 〈h〉 = 17/8 '
2.1 [18, 19].
B. Modified Sandpile model with state-dependent
drive
In order to investigate the implications of a state-
dependent drive on the model, we slightly modify the
update rules (1) and (2). For our modified model,
we change the random-sequential update to a favor-n
random-sequential update, where n ∈ {0, 1, 2, 3}. This
means for a favor-n update:
if at least one site has height n: put the next grain
on a randomly chosen site of height n
FIG. 1. (Color online) Transient of the mean system height
for the unmodified Sandpile model (with random deposition)
and different favor-n-models.
if no site hast height n: put the next grain on any
randomly chosen site.
These modified update rules, as well as the original
Sandpile model, can be interpreted as special cases of
a more general model in which particles are added at
randomly selected sites and reflected with probabilities
(p0,p1,p2,p3) depending on the current height at the cho-
sen site. Then, in the favor-n model all sites reflect a new
particle with probability one unless they have height n.
In the latter case they accept the particle with probabil-
ity one, i.e. pi = (1−δin). Contrary, the original Sandpile
model will accept particles at any height, pi = 0.
Besides the mentioned modifications, the triggering of
avalanches still proceeds according to the update rules in
Eq. (2).
III. RESULTS
We will now present simulation results for the modified
Sandpile model. In our numerical analysis we compare
the distributions of avalanches in the steady state for the
unmodified model and the modified one. Furthermore,
we focus on the behavior of the systems in the transient
phase from the empty lattice to the steady state.
A. Avalanche Distributions
To estimate whether the system already reached the
steady state, we measure the evolution of the mean sys-
tem height 〈h〉, i.e. the average occupation per site.
Fig. 1 shows that independently on the chosen model,
after about 4.0×104 time steps the system is in a steady
state. Some favor-n-models show strong oscillations in
their steady state indicating large-scale avalanches.
31 10 100 1000 104
0.0
0.2
0.4
0.6
0.8
1.0
size of avalanches
cu
m
ul
at
iv
e
ra
tio favor 0
favor 1
favor 2
favor 3
random
FIG. 2. Cumulative distribution of the avalanche sizes in a
system of size 100× 100. Note the linear-logarithmic scale.
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FIG. 3. Focused view at the end of the cumulative distribu-
tion of the avalanche sizes in a system of size 100× 100.
The cumulative distribution of avalanche sizes is shown
in Fig. 2. We find that the favor-3 model stays in a
critical state. Even the exponent of the original model
and the favor-3 model seem to be the same, namely
αrandom ' αfavor3 ' 1.021± 0.033 (4)
This is one of the main results of this paper: The critical
properties are not changed although the mechanism of
the drive is very different.
Contrary, for the favor-1 and the favor-0 model the
distributions seem to be non-critical. In addition to
some small-scale avalanches, the favor-1 model has a peak
around the system size of 104 (for a detailed view at
the very end of the distribution see Fig. 3). The favor-0
model shows avalanches on various scales, yet the dis-
tribution seems to be non-critical as well. The favor-
2 model cannot be seen at all in Fig. 2. In Fig. 3 we
see that this model only creates avalanches that approx-
imately cover the entire system.
Hence, there exist also mechanisms of the drive, which
change the properties of the final stationary state. There
is still a distribution of avalanches, but - depending on
FIG. 4. (Color online) Distribution of the different site heights
in a system of size 100× 100 doing random deposition.
the drive - the system favors avalanches which occupy
the complete lattice.
B. Site occupations
To better understand the behavior for different drives,
we analyze the distribution of distinct site heights de-
pending on the model chosen. Fig. 4 shows the results
for the unmodified Sandpile model with random deposi-
tion. Its site-occupation distribution in the steady state
is known analytically [18]:
p (0) = 2
pi2
− 4
pi3
' 7.4%
p (1) = 14 −
1
2pi −
3
pi2
+ 12
pi3
' 17.4%
p (2) = 38 +
1
pi
− 12
pi3
' 30.6%
p (3) = 38 −
1
2pi +
1
pi2
+ 4
pi3
' 44.6%
(5)
The distribution in the steady state of the favor-3
model (see Fig. 5) is very similar to the one of the
random-deposition model (Fig. 4):
p (0) ' 9.1%
p (1) ' 17.2%
p (2) ' 31.7%
p (3) ' 42.0%
(6)
This already indicates that the two models, random
and favor-3, have the same properties in the stationary
state.
However, the transient properties of the two models
are different. The approach to the final state differs al-
ready in the mean occupation numbers as a function of
time steps, and the curves of the favor-3 model show
kinks, whereas the ones of the Sandpile model are smooth
4FIG. 5. (Color online) Distribution of the different site heights
in a system of size 100× 100 doing favor-3 deposition
FIG. 6. (Color online) Distribution of the different site heights
in a system of size 100× 100 doing favor-2 deposition
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FIG. 7. Average size of triggered avalanches in a system of
size 100 × 100 where site heights are randomly set to 3 with
probability p and to height 0 or 1 with probability (1− p)/2,
respectively. Averaged over 5× 105 runs for each p.
FIG. 8. (Color online) Distribution of the different site heights
in a system of size 100× 100 doing favor-1 deposition
(Figs. 4 and 5). The kinks in the favor-3 case coin-
cide with the appearance of the first site with height
three, and hence the first avalanche, which makes it diffi-
cult to model. The different transient behavior between
the models will be further discussed in subsection III C.
Moreover, the final transition between the transient and
the steady state causes kinks in the random model while
the favor-3 model converges slowly to the stationary dis-
tribution.
In contrast to the random and the favor-3 case the
occupation numbers for the other favor-n models look –
even qualitatively – very different (Fig. 6, Fig. 8, and
Fig. 10).
For the favor-2 model we already found from Fig. 2
and Fig. 3 that the avalanches cover the whole system.
In the steady state of this model, sites of height two are
immediately grown to sites of height three and are there-
fore supressed in the distribution of Fig. 6. We find the
following occupation numbers for the favor-2 drive:
p (0) ' 8.9%
p (1) ' 17.7%
p (2) ' 0.0%
p (3) ' 73.4%
(7)
To understand how these site occupations may be related
to the fact that all avalanches cover basically the whole
system, let us consider a system prepared in the following
way. Sites are randomly set to a height of 3 with proba-
bility p and a height of 0 or 1 with probability (1− p)/2,
respectively. Putting now a new grain on a site of height
3 launches an avalanche. Of course, the expected size of
this avalanche depends on the distribution of fields with
height 3, 1, and 0, and therefore on p. Fig. 7 shows the
average size of triggered avalanches versus p. The shape
of the curve indicates a phase transition with a critical
value of pc ' 0.58. Below pc avalanches cover only a
finite region of the system, while above that threshold
their size grows to infinity. I.e., if more than 58% of the
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FIG. 9. Average size of triggered avalanches in a system of
size 100 × 100 where site heights are randomly set to 3 with
probability p and to height 2 with probability (1− p). Aver-
aged over 5× 105 runs for each p.
sites have a height of 3, the avalanche covers the entire
system. Relating this result to the distribution in Fig. 6,
it becomes clear that, in the favor-2 case, all avalanches
cover the whole system, since the percentage of sites with
height 3 is clearly above 60%.
Note that the percolation threshold for site percola-
tion on a square lattice is p0 ' 0.592 [20]. Hence, if the
fraction p of randomly chosen sites with height three is
above this percolation threshold, an avalanche will cross
the complete lattice. If p is somewhat smaller, we cannot
exclude that such large avalanches occur, since, over the
course of an avalanche, e.g. sites of height two may get
added two particles from their neighbors and also topple.
Our numerical results show that the critical threshold for
avalanches is very close to the one of percolation.
In Fig. 2 and Fig. 3, the distribution of avalanche sizes
for the favor-1 model has two parts: a broad distribution
of smaller sizes and a peak of avalanches covering the
whole system. For the distribution of site occupations in
the steady state, we find (see Fig. 8)
p (0) ' 2.5%
p (1) ' 0.0%
p (2) ' 60.8%
p (3) ' 36.7%
(8)
Since sites of height one are immediately grown to height
two, the former are supressed and hardly appear in the
distribution. To understand the appearance of the peak
of avalanches spanning the whole system let us prepare
a setup, where the sites are randomly distributed with
a height of three with probability p and a height of two
with probability 1−p. Fig. 9 shows, that for this case the
critical value of p is about pc ' 35%. The latter is very
close to our observed ratio of fields with height three in
Eq. (8). Hence, we observe both a distribution of small-
scale avalanches and a peak of avalanches spanning the
FIG. 10. (Color online) Distribution of the different site
heights in a system of size 100 × 100 doing favor-0 deposi-
tion
entire system.
The steady-state distribution of sites for the favor-0
model is shown in Fig. 10:
p (0) ' 0.0%
p (1) ' 13.9%
p (2) ' 30.4%
p (3) ' 55.7%
(9)
C. Transient phase
From our earlier observations, we have learned that,
in the steady state, the original Sandpile model and
the favor-3 model yield similar distributions of both
avalanche sizes (Fig. 2) and site occupations (Fig. 4 and
Fig. 5). Yet, considering the transient phase, the two dif-
ferent drives of the systems show very different behavior.
Fig. 11 shows snapshots of the well-studied model with
random deposition starting from an empty system of size
100 × 100. Every pixel describes the occupation of a
single site. During the transient phase, the density in-
creases homogenously over the system. The number of
empty sites decreases monotonically, initially leading to
a monotonic increase of fields with height one, height two
and height three (see Fig. 4).
Fig. 12 illustrates the transient phase for the favor-3
drive. Like for the case with random deposition, ini-
tially the density increases homogenously: empty sites
are transformed into sites with height one and the latter
eventually become occupied by two grains. Yet, as soon
as the first field with three grains appears this leads im-
mediately to the launch of the first avalanche, whereas
in the random case this happens only with probability
1
system size . Therefore, the generation of every site of
height three yields a small density-increase in its neigh-
borhood. However, with this higher density, also the
6FIG. 11. Time evolution of the Sandpile model with random
deposition. Every pixel describes the occupation of a single
site: empty fields (white), fields with one (light gray), two
(gray), and three (black) grains. From upper left to lower
right snapshots of the system are shown from t = 2′000 to
t = 24′000 (dt = 2′000).
probability of generating the next site of height three,
and thus the next avalanche, increases as compared to the
rest of the system. Hence, the first few avalanches serve
as condensation nuclei. Contrary to the ordinary Sand-
pile model, we do not obtain a homogeneous growth of
density, but a cohesive, circular, high-density area which
successively spreads over system (see Fig. 12). Once the
majority of all fields is covered, the average occupation
saturates to similar values as for the random case (see
Eq. (5) and Eq. (6)).
The transient phase of the favor-2-driven model is dis-
played in Fig. 13. As for the random- and the favor-3
case, initially the number of empty sites decreases as fast
as the number of fields with height one increases, leading
to a homogenous growth of the density in the system.
However, as soon as the first sites of height two appear,
due to the drive, they are immediately grown to height
three, leading to a density-increase. Yet, a site with an
occupation of three is still stable. Hence, the chance of
FIG. 12. Time evolution of the favor-3 model. Every pixel
describes the occupation of a single site: empty fields (white),
fields with one (light gray), two (gray), and three (black)
grains. From upper left to lower right snapshots of the system
are shown from t = 2′000 to t = 24′000 (dt = 2′000).
the emergence of multiple clusters with a higher density
is more likely than in the favor-3 case. Moreover, these
clusters do not have a circular shape but grow more irreg-
ularly. During the transient period, the clusters grow. In
the high-density clusters, the chance of generating large
avalanches is again higher than in the rest of the sys-
tem and therefore also the generation of additional sites
with height two. The latter then trigger again an addi-
tional increase of density. Eventually the clusters merge
to larger ones until the giant component covers the whole
system.
The favor-1 and favor-0 cases evolve strongly distinct
from the two models with other drives already from the
beginning. Compared to them the density successively
increases more than less homogenously over the system.
The favoring process affects the system in such a way
that immediately all fields which become occupied get
increased to a height of two.
In the favor-0 model, due to the preferential selection,
during the first 104 time steps, all empty sites become oc-
7FIG. 13. Time evolution of the favor-2 model. Every pixel
describes the occupation of a single site: empty fields (white),
fields with one (light gray), two (gray), and three (black)
grains. From upper left to lower right snapshots of the system
are shown from t = 2′000 to t = 24′000 (dt = 2′000).
cupied by a single grain. Afterwards, further depositions
are processed randomly except for the fact that empty
sites which occur after an avalanche are filled up right
with the very next grain. At first glance, this may seem
like the random model where sites topple at a height of
three rather than four. It shall be emphasized that this is
not the case, since in such a model the rotation symmetry
of the square lattice would be broken.
In summary, during the transition process from the
empty lattice to the steady state with - on average - con-
stant density, in the originial Sandpile model the density
grows homogeneously over the lattice. This also holds
for the favor-0 and favor-1-driven models. Although the
favor-3 model has a very similar avalanche-size distribu-
tion as the original Sandpile model and also the site-
occupation distributions strongly resemble each other,
its transition process is very different. Starting from a
condensation necleus, the density grows cyclic around it.
Similarly, for the favor-2 model, the density increase oc-
curs heterogenously in space via the aggregation of inter-
mediate clusters to a giant component which, eventually,
spreads over the entire lattice.
IV. SUMMARY
Over the last decades SOC has been studied inten-
sively. Numerous variants of the original model of Bak,
Tang and Wiesenfeld have been investigated in order to
clarify the universality of SOC. However, the influence of
the drive has widely been neglected so far.
In this paper we have examined the impact of a state-
dependent drive in the Abelian Sandpile model of Dhar.
As in the original model, we still chose sites randomly,
but now we only increased their local height if it had
some specific value.
For a preference of sites with height three (favor-3)
the system remains in a critical state. We found the
same critical exponent for both the regular Sandpile
model with random deposition and the favor-3 model:
αrandom ' αfavor3 ' 1.021± 0.033. In contrast, the other
drives seem to destroy criticality. The favor-2 model
does not show any distribution of small avalanches: all
avalanches cover basically the entire system. By prepar-
ing systems with a fraction of sites with height three we
could relate this observation to a percolation-like phe-
nomenon.
Furthermore, we investigated the transient processes
of the different models. Despite the similarity of the dis-
tribution of avalanches in the stationary state between
random and favor-3 deposition, the transient approach
to criticality differs strongly. In the random model both
the density of grains and the appearance of avalanches is
homogenous over the system. In contrast, in the favor-3
case early random density fluctuations lead to the emer-
gence of a condensation nucleus with high-density which
eventually spreads over the system.
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Appendix A: Transient of site occupations for the
random-deposition model
The shape of the curves in Fig. 4 during the transient
can be estimated by considering the population dynamics
of the occupation numbers in a mean field-like approach:
We first neglect any interaction between sites, i.e. we
neglect Eq. (2) and only consider the deposition of par-
ticles without toppling. We denote the number of sites
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FIG. 14. (Color online) Plot of the analytic solution of
Eqs. (A5).
with height h by Nh and the total number of sites by
N . After starting the deposition of grains N0 decreases,
since particles are deposited. The probability to hit a
site of height 0 and grow it to height 1 is p0→1 = N0N .
This means the evolution of N0 is: Solving this equation
with the initial value of N0 = N gives:
N0(t) = Ne−
t
N (A1)
Analogously, we define p1→2 = N1N and p2→3 =
N2
N . It is
straightforward that the corresponding equations for the
other heights then read:
dN1(t)
dt = p0→1 − p1→2 = e
− tN − N1(t)
N
(A2)
dN2(t)
dt = p1→2 − p2→3 (A3)
dN3(t)
dt = p2→3 (A4)
Solving this set of equations with the initial values
N1 (0) = N2 (0) = N3 (0) = 0 yields:
N1(t) = e−
t
N t
N2(t) =
e−
t
N t2
2N
N3(t) =
e−
t
N
(
2N2e tN − 2N2 − 2Nt− t2
)
2N
(A5)
Plotting the number of sites versus time for a system of
size N = 100×100 already resembles the transient of the
random-deposition model up to a time of about 15′000
(see Fig. 14). Since we neglect any toppling, at infinite
time all sites have height three. Thus, we introduce the
equations that consider the toppling of sites with an oc-
cupation higher than three. We add an additional term
to Equations (A5) for sites with height three and zero.
Doing so, we get a system of four coupled differential
equations. Since the number of particles in our system
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FIG. 15. (Color online) Plot of the analytic solution of
Eqs. (A9).
without dissipation is conserved, it is
N1 +N2 +N3 +N0 = N (A6)
and hence
dN1(t)
dt +
dN2(t)
dt +
dN3(t)
dt +
dN0(t)
dt = 0. (A7)
This means we can define the last equation for N3 as:
dN3(t)
dt = −
dN2(t)
dt −
dN1(t)
dt −
dN0(t)
dt (A8)
Now our four equations with added toppling and p3→0 =
N3
N read:
dN0(t)
dt = −p0→1 + p3→0
dN1(t)
dt = p0→1 − p1→2
dN2(t)
dt = p1→2 − p2→3
dN3(t)
dt = −
dN2(t)
dt −
dN1(t)
dt −
dN0(t)
dt
(A9)
Since these equations do not consider any correlation be-
tween the sites, the evaluation leads to a mean-field re-
sult where, at infinite time, all heights occur with same
probability (Fig. 15):
N0(t) =
1
4Ne
− 2tN
(
e
2t
N + 2e tN cos
(
t
N
)
+ 1
)
N1(t) =
1
4Ne
− 2tN
(
e
2t
N + 2e tN sin
(
t
N
)
− 1
)
N2(t) =
1
4Ne
− 2tN
(
e
2t
N − 2e tN cos
(
t
N
)
+ 1
)
N3(t) =
1
4Ne
− 2tN
(
e
2t
N − 2e tN sin
(
t
N
)
− 1
)
(A10)
To account for correlations between the fields, we now
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FIG. 16. (Color online) Plot of the analytic solution of
Eqs. (A11) and (A12).
add the first order of avalanches. This means, a depo-
sition on a site of height three now only increases the
number of sites with height zero if none of the the field’s
nearest neighbors has height three, or all of them have
height three:
dN0(t)
dt
= −p0→1 + p3→0
(
(1− p3→0)4 + p43→0
)
(A11)
Analogously, sites of height one can be created, if a
site of height three topples and there is exactly one near-
est neighbor of height three that topples in the following
avalanche. Likewise, sites of height two can be created,
if a site of height three topples and there are exactly two
next neighbors of height three that topple subsequently:
dN1(t)
dt = −p1→2 + p0→1
+ 4 · p3→0
(
(1− p3→0)3 p3→0
)
dN2(t)
dt = −p2→3 + p1→2
+ 6 · p3→0
(
(1− p3→0)2 p23→0
)
(A12)
The factors 4 and 6 follow from the corresponding bino-
mial coefficients. To our knowledge there is no analytic
solution for these modified equations. The numerical so-
lution in Fig. 16 shows that this first order approximation
already describes the actual time evolution (Fig. 4) very
well.
Since these approximations only consider the implica-
tions of avalanches triggered at the four nearest neigh-
bors, it takes longer for the system to reach the steady
state. While in the simulations, after approximately
2.2× 104 time steps, the system reaches its steady state
with saturating density, in the first-order approximation,
it takes almost 8× 104 time steps until the density satu-
rates at a mean height of 2.
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